We define the scattered subsets of a group as asymptotic counterparts of scattered subspaces of a topological space, and prove that a subset A of a group G is scattered if and only if A contains no piecewise shifted IP -subsets. For an amenable group G and a scattered subspace A of G, we show that µ(A) = 0 for each left invariant Banach measure µ on G.
Introduction
Given a discrete space X, we take the points of βX, the Stone-Čech compactificationof X, to be the ultrafilters on X, with the points of X identified with the principal ultrafilters on X. The topology on βX can be defined by stating that the sets of the form A = {p ∈ βX : A ∈ p}, where A is a subset of X, form a base for the open sets. We note that the sets of this form are clopen and that, for any p ∈ βX and A ⊆ X, A ∈ p if and only if p ∈ A. For any A ⊆ X we denote A * = A ∩ G * , where G * = βG \ G. The universal property of βG states that every mapping f : X → Y , where Y is a compact Hausdorff space, can be extended to the continuous mapping f β : βX → X. Now let G be a discrete group. Using the universal property of βG, we can extend the group multiplication from G to βG in two steps. Given g ∈ G, the mapping x → gx : G → βG extends to the continuous mapping q → gq : βG → βG.
Then, for each q ∈ βG, we extend the mapping g → gq defined from G into βG to the continuous mapping p → pq : βG → βG.
Te product pq of the ultrafilters p, q can also be defined by the rule: given a subset A ⊆ G, A ∈ pq ↔ {g ∈ G : g −1 A ∈ q} ∈ p.
To describe the base for pq, we take any element P ∈ p and, for every x ∈ P , choose some element Q x ∈ q. Then ∪ x∈p xQ x ∈ pq, and the family of subsets of this form is a base for the ultrafilter pq. By the construction, the binary operation (p, q) → pq is associative, so βG is a semigroup, and G * is a subsemigroup of βG. For each q ∈ βG, the right shift x → xq is continuous, and the left shift x → xq is continuous for each g ∈ G.
For the structure of a compact right topological semigroup βG and plenty of its applications to combinatorics, topological algebra and functional analysis see [1] , [2] , [3] , [4] , [5] .
Given a subset A of a group G and an ultrafilter p ∈ G * , we define a p-companion of A by
and say that a subset S of G * is an ultracompanion of A if S = ∆ p (A) for some p ∈ G * . For ultracompanions of subsets of groups and metric spaces see [6] , [7] .
Clearly, A is finite if and only if ∆ p (A) = ∅ for each p ∈ G * . We say that a subset A of a group G is
• sparse if each ultracompanion of A is finite;
• disparse if each ultracompanion of A is discrete;
We denote by [G] <ω the family of all finite subsets of G. Given any
<ω and g ∈ G, we put
and, following [8] , say that B(g, F ) is a ball of radius
For thin subsets of a group, their applications and modifications see [9] - [19] .
By [6, Proposition 5] and [20, Theorems 3 and 10] , for a subset A of a group G, the following statements are equivalent (1) A is sparse;
(2) for every infinite subset X of G, there exists finite subset F ⊂ G such that g∈F gA is finite;
<ω , we have
(4) A has no subsets asymorphic to the subset W 2 = {g ∈ ⊕ ω Z 2 : suptg ≤ 2} of the group ⊕ ω Z 2 , where suptg is the member of non-zero coordinates of g.
The notion of asymorphisms and coarse equivalence will be defined in the next section. The sparse sets were introdused in [21] in order to characterise strongly prime ultrafilters in G * , the ultrafilters from G * \ G * G * . More on sparse subsets can be find in [10] , [11] , [16] , [22] .
In this paper, answering Question 4 from [6] , we prove that a subset A of a group G is scattered if and only if A is disparse, and characterize the scattered subsets in terms of prohibited subsets. We answer also Question 2 from [6] proving that each scattered subset of an amenable group is absolute null. The results are exposed in section 2, their proofs in section 3.
Results
Our first statement shows that, from the asymptotic point of view [23] , the scattered subsets of a group can be considered as the counterparts of the scattered subspaces of a topological space. Proposition 1. For a subset A of a group G, the following two statements are equivalent
Proposition 2. A subset A of a group G is scattered if and only if, for every countable subgroup H of G, A ∩ H is scattered in H.
Let A be a subset of a group G, K ∈ [G] <ω . A sequence a 0 , .., a n in A is called K-chain from a 0 to a n if a i+1 ∈ B(a i , K) for each i ∈ {0, ..., n − 1}. For every a ∈ A, we denote
there is a K-chain from a to b} and, following [24, Chapter 3] , say that A is cellular (or asymptotically zero-
Now we need some more asymptology (see [24, Chapter 1] 
If f is a bijection such that f and f −1 are ≺-mapping, we say that f is an asymorphism. The subsets X and Y are called coarse equivalent if there exist asymorphic subsets
Following [23] , we say, that the set Y of G has no asymptotically isolated balls if Y does not satisfy Proposition 1(ii): for every [23] , a countable cellular subset Y of G with no asymptotically isolated balls is coarsely equivalent to the group ⊕ ω Z 2 .
Proposition 3. Let X be a countable subset of a group G. If X is not cellular then X contains a subset Y coarsely equivalent to ⊕ ω Z 2 .
Let (g n ) n<ω be an injective sequence in a group G. The set
Given a sequence (b n ) n<ω in G, we say that the set
is a piecewise shifted IP -set.
Theorem 1. For a subset A of a group G, the following statements are equivalent (i) A is scattered;
(ii) A is disparse;
(iii) A contains no subsets coarsely equivalent to the group ⊕ ω Z 2 ;
(iv) A contains no piecewise shifted IP -sets.
By the equivalence (i) ⇔ (ii) and Propositions 10 and 12 from [6] , the family of all scattered subsets of an infinite group G is a translation invariant ideal in the Boolean algebra of all subsets of G strictly contained in the ideal of all small subsets. Now we describe some relationships between the left invariant ideals Sp G , Sc G of all sparse and scattered subsets of a group G on one hand, and closed left ideals of the semigroup βG.
Let J be a left invariant ideal in the Boolean algebra P G of all subsets of a group G. We setĴ = {p ∈ βG : G \ A ∈ p for each A ∈ J} and note thatĴ is a closed left ideal of the semigroup βG. On the other hand, for a closed left ideal L of βG, we seť
and note thatĽ is a left invariant ideal in P G . Moreover,J = J andL = L. Clearly,[G] <ω = G * and by Theorem 1,
Given a left invariant ideal J in P G and following [11] , we define a left invariant ideal σ(J) by the rule: A ∈ σ(J) if and only if ∆ p (A) is finite for every
J. Thus, we havê
We say that a left invariant ideal J in P G is sparse-complete if σ(J) = J and denote by σ * (J) the intersection of all sparse-complete ideals containing J. Clearly, the sparse-completion σ * (J) is the smallest sparse-complete ideal such that J ⊆ σ * (J). By [11, Theorem 4(1)], σ * (J) = n∈ω σ n (J), where σ 0 (J) = J and σ n+1 (J) = σ(σ n (J)). We can prove that A ∈ σ n ([G] <ω ) if and only if A has no subsets asymorphic to W n = {g ∈ ⊕ ω Z 2 : suptg ≤ n}.
By [11, Theorem 4(2)], the ideal Sp G is not sparse complete. By (⋆), the ideal Sc G is sparse-complete. Hence σ 
Proofs
Proof of Proposition 1.
(
Hence hP h ∩ Y = ∅ for some P h ∈ p. We put P = h∈H\P P h and note that
<ω , denote
By (ii), the family {P H : H ∈ [G] <ω } has a finite intersection property and
, e is the identity of G. It follows that ∆ p (Y ) is finite so A is scattered.
Proof of Proposition 2.
Assume that A is not scattered and choose a subset Y of A which does not satisfy the condition (ii) of Proposition 1. We take an arbitrary a ∈ A and put F 0 = {e, a}. Then we choose inductively a sequence (
After ω steps, we put H = n∈ω F n . By the choice of
Proof of Proposition 3.
Replacing G by by the subgroup generating by X, we assume that G is countable. We write G as an union of an increasing chain F n of finite subsets such that F 0 = {e}, F n = F −1 n . In view of [23] , it suffices to find a cellular subset Y of X with no asymptotically isolated balls.
Since X is not cellular, there exists F ∈ [G] <ω such that
(1) for every n ∈ N, there is x ∈ X such that
We assume that G is finitely generated and choose a system of generators
<ω such that K = K −1 and F ⊆ K. Then we consider the Cayley graph Γ = Cay(G, K) with the set of vertices G and the set of edges {{g, h} : g −1 h ∈ K}. We endow Γ with the path metric d and say that a sequence a 0 , ..., a n ∈ G is a geodesic path if a 0 , ..., a n is the shortest path from a 0 to a n , in particular, d(a 0 , a n ) = n. Using (1), for each n ∈ N, we choose a geodesic path L n of length 3 n such that L n ⊂ X and
n }, we take a tercimal decomposition of i and denote by Y n the subset of all a i ∈ L such that i has no 1-s in its decomposition based on {0, 1, 2} (see [26] ). By [2] and the construction of Y n , the set Y = n∈N Y n is cellular and has no asymptotically isolated balls. Now let G be an arbitrary countable group. We consider a subgroup H of G generated by F and decompose G into left cosets by H. If X meets only finite number of these cosets then X is contained in some finitely generated subgroup of G and we arrive in the previous case. At last, let {Hx n : n ∈ N} be a decomposition of G into left cosets by H and X meets infinitely many of them. We endow each Hx n with the structure of a graph Γ n naturally isomorphic to the Cayley graph Cay(H, F ). Then we use (1) to choose an increasing sequence (m n ) n∈ω and a sequence (L n ) n∈N of geodesic paths of length 3 n satisfying (2) and such that L n ⊂ X. For each n ∈ N, we define a subset Y n of L n as before, and put Y = n∈N Y n . By (2) and the construction of Y n , Y is cellular an dhas no asymptotically isolated balls.
Proof of Theorem 1. We follow the tour
. We prove that a piecewise shifted IP -subset
We take an arbitrary p ∈ A * and show that ∆ p (A) is infinite.
If A m ∈ p for every m ∈ ω then g n p ∈ A * for each n ∈ ω. Otherwise, there exists m ∈ ω such that {g m g i 1 ...g in b in : m < i 1 < ... < i n < ω} ∈ p.
Then g −1 m p ∈ A * and we repeat the arguments for g
Assume that A is not disparse and take p ∈ A * such that p is not isolated in ∆ p (A). Then p = qp for some q ∈ G * . The set {x ∈ G * : xp = p} is a closed subsemigroup of G * and, by [1, Theorem 2.5], there is an idempotent r ∈ G * such that p = rp. We take R ∈ r and P g ∈ p, g ∈ R such that g∈R gP g ⊆ A.Since r is an idempotent, by [1, Theorem 5.8] , there is an injective sequence (g n ) n∈ω in G such that
. For each n ∈ ω, we pick b n ∈ {P g : g = g i 1 ...g in : 0 ≤ i 1 < ... < i n < ω} and note that {g i 1 ...g in b in : 0 ≤ i 1 < ... < i n < ω} ⊆ A.
(ii) ⇒ (iii). We assume that A contains a subset coarsely equivalent to the group B = ⊕ ω Z 2 . Then there exist a subset X of B, H ∈ [B] <ω such that B = H + X, and an injective ≺-mapping f : X → A. We take an arbitrary idempotent r ∈ B * , pick h ∈ H such that h + X ∈ r and put p = r − h. Since r + p = r, we see that p is not isolated in ∆ p (X). We denote q = f β (p). Let b ∈ B, b = 0 and b + p ∈ X * . Since f is an injective ≺-mapping, there is g ∈ G \ {e} such that f β (b + p) = g + q. It follows that q is not isolated in ∆ q (A). Hence A is not disparse.
(iii) ⇒ (i). Let X be a countable subset of A. By Proposition 3, X is cellular. By [23] , X satisfies Proposition 1(ii). Hence X is scattered. By Proposition 2, A is scattered.
Proof of Theorem 2.
We assume that µ(A) > 0 for some Banach measure µ on G. We use the arguments from [10, p. 506-507] to choose a decreasing sequence (A n ) n∈ω of subsets of G and an injective sequence (g n ) n∈ω in G such that A 0 = A and µ(A n ) > 0 g n A n+1 ⊆ A n for each n ∈ ω. We pick x n ∈ A n+1 and put X = {g ε 0 0 ...g εn n x n : n ∈ ω , ε i ∈ {0, 1}}. By the construction X is a piecewise shifted IP -sets and X ⊆ A. By Theorem 1, X is not scattered.
